In this paper, by using a powerful criterion for permutation polynomials given by Zieve, we give several classes of complete permutation monomials over Fqr . In addition, we present a class of complete permutation multinomials, which is a generalization of recent work.
Introduction
Let p be a prime and n be a positive integer. Let F q be a finite field of q = p n elements. We denote F * q the multiplication group of F q . A polynomial f ∈ F q [x] is called a permutation polynomial (PP) if the associated polynomial mapping f : c → f (c) from F q to itself is a permutation over F q [12] .
Permutation polynomials over finite fields have important applications in cryptography, coding theory, and combinatorial design theory. There has been lots of results about PPs over F q [1, 3, 4, 5, 6, 8, 10, 11, 13, 17, 24, 26] .
A polynomial f ∈ F q [x] is called a complete permutation polynomial (CPP) if both f (x) and f (x)+x are permutations over F q . For some known results on CPPs over F q see [7, 14, 15, 20, 25] . Recently, some classes of CPPs over F p n are given in [18, 19, 21, 22, 23, 27, 28] . In this paper, we
give some classes of CPPs over F p n as follows:
(1) For p = 3, n = 2k, and d = p k + 2, we prove that d is a CPP exponent over F p n .
(2) For any odd prime p, n = 2k, and d = (p k − 1) ·
2 + p i (1 ≤ i ≤ n), we prove that d is a CPP exponent over F p n .
(3) For any odd prime p, d = p rk −1 p k −1 + 1, for r = 4, we give a sufficient and necessary condition for a −1 x d to be a CPP over F p n , where a ∈ F * p k . For r = 6 and p = 3 or p = 5, we show that d is a CPP exponent over F p rk , where gcd(r, k) = 1.
(4) For any prime p, n = rk, and f (x) = x(Tr n k (x)) p−1 + (p − 1)x p + ax, a ∈ F p k \ {0, −1}, we prove that f (x) is a CPP over F p n if gcd(p, r) = gcd(p − 1, r) = 1, where Tr n k (x) is the trace function from F p n to F p k .
The first two classes of monomial CPPs are with Niho exponents. A positive integer d (always understood modulo p n − 1) is a Niho exponent if d ≡ p j (mod p n − 1) for some j < n [16] . Note that the first class is a special case of [28, Corollary 3.4] , and also has been proved in [23, Theorem 3 .1] for k odd. The first class is also a special case of the second class with p = 3 and i = 1. Here we list it separately is because that the proofs of these two classes of CPPs are different, and the proof of 3 k + 2 to be a CPP exponent over F 3 2k is very interesting 1 . The third class is a further study of [22] and the fourth class is a generalization of the main result in [21] .
Preliminaries
Let p be prime, n, k be two integers such that k|n. The trace function from F p n onto F p k is defined by
The Walsh transform of a function f from F p n to F p is defined by
where a ∈ F p n , and ω is the complex primitive p-th root of unity.
In [12] , a criterion for PPs is given by using the additive characters of the underlying finite field.
Lemma 1 [12] A mapping g : F p n → F p n is a PP if and only if for every α ∈ F * p n ,
1 The method we used to prove that 3 k + 2 is a CPP exponent is different from the ones used in [23, 28] .
2
The following lemmas will also be needed in the sequel.
Lemma 2 [12] An irreducible polynomial over F q of degree n remains irreducible over F q k if and only if gcd(k, n) = 1.
Lemma 3 [26] Let p be a prime. Let l, n and s be positive integers such that s|p
) is a PP over F p n if and only if gcd(l,
p n −1 s is a permutation of µ s , where µ s is the set of s-th roots of unity in F p n .
Lemma 4 [28, Theorem 1.1] Let p be a prime. Let l, r, k and n be positive integers such that n = rk.
is a PP over F p n if and only if gcd(l,
) = 1 and
is a permutation of F p k , where g p ik (x) denotes the polynomial obtained from g(x) by raising every coefficient to the p ik -th power.
In [28] , Zieve gave some classes of CPPs over F p rk by using Lemma 4 and some PPs of degree d ≤ 5
Let n, r, k be integers such that n = rk. For any a ∈ F p n , let a i = a p ik , where 0 ≤ i ≤ r − 1. Define
where λ 0 = 1, and
Let l = 1 and g(x) = x + a ∈ F p n [x] in Lemma 4, we have
Lemma 5
2 Let n = rk, and d =
The PPs of low degree over F q will be used in the sequel. A normalized degree l polynomial
is a monic polynomial that satisfies the following conditions: f (0) = 0, and if gcd(l, q) = 1, the coefficient of x l−1 is 0. All normalized PPs of degree ≤ 5 are listed in [12, Table 7 .1]. For the reader's convenience, we copy it here in Table 1 .
2 see also in [22, Lemma 6] for the case p = 2. 
Some classes of CPPs with Niho exponents
In this section, using Lemmas 1 and 3, we give some classes of CPP exponents of Niho type.
Let n = 2k and q = p k . Let the conjugate of x over F q be denoted byx, i.e.,x = x q . Define the unit circle of F p n as
and define the set
Lemma 6 [9, Lemma 2] Let n = 2k and d = s(p k − 1) + 1, where s is an integer. Then the Walsh transform value of Tr
where N (a) is the number of λ ∈ U such that λ s + λ 1−s +āλ + a = 0.
Lemma 7 Let p = 3 and n = 2k. Let N (a) be the number of λ ∈ U such that
Then N (a) = 1 if a ∈ V.
Proof: Note that for a ∈ V, we have a
Raising both sides of the above equation to the 3-th power, we have
Since a 3 ∈ V, we can replace a 3 by a, which leads to λ + λ 2 − aλ 3 + a = 0. This is equivalent to
Replacing λ by λ + 1 in (4), we have
which becomes
by substituting λ with λ −1 . Then to prove that N (a) = 1 is equivalent to show that the following system of equations have only one root in F 3 n :
which is equivalent to
It follows from λ 3 = λ − a that
Combining (6) with the second equation in (5), we have
i is the only solution of (5) .
Thus N (a) = 1 for a ∈ V. This completes the proof.
Theorem 1 Let p = 3 and n = 2k.
a CPP over F 3 n , where a ∈ V, and V is defined by (2).
Proof: Note that n = 2k and
In what follows we prove that x d + ax is also a PP over F 3 n for a ∈ V . From Lemma 1, we need to prove that for each α ∈ F * 3 n ,
where a ∈ V. Since gcd(d, 3 n − 1) = 1, each nonzero α ∈ F 3 n can be written as α = t d for a unique t ∈ F * 3 n , we have
for each t ∈ F * 3 n . Since (t
. From Lemma 6, one has that for each a ∈ F 3 n ,
where N (a) be the number of λ ∈ U such that
Now let a ∈ V, from Lemma 7, N (a) = 1.
This completes the proof.
Theorem 2 Let p be an odd prime and n = 2k.
where a ∈ V, and V is defined by (2) .
Note that
+ a, then by Lemma 3, we only need to prove that xg(x)
It is known that a linearized polynomial
is a PP over F q if and only if x = 0 is its only
= 1, which leads to a contradiction since a 
CPP exponents of the form
Throughout this section, let p be an odd prime 4 , and n, r, k be integers such that n = rk. Let
, one has that r should be even.
Note that for r = 2, d = p k + 2 has been considered in [28, Corollary 3.4] . In this section, we first consider the case r = 4, and give sufficient and necessary conditions for the exponents of the form
Then we consider the case r = 6 with p = 3 and p = 5. Finally, we give two conjectures about some values of r. 
2 , and λ 3 + λ
2 , and λ 3 − 4λ From Lemma 5, it is sufficient to prove that h a (x) (defined in (1)) is a PP over F p k if a satisfies one of the conditions in Theorem 3. Recall that
Replacing
Note that if h a (x) − 1 is a PP, so does h a (x). Thus, to complete the proof, it is sufficient to show that
is a PP over F p k if a satisfies the one of the conditions in Theorem 3.
Then the conditions in the theorem come from comparing the coefficients of h ′ a (x) in (9) with the coefficients of the normalized PPs of degree 5 in Table 1 . We complete the proof.
Let p = 3 in Theorem 3, we have the following corollary. 2) k ≡ 1 (mod 2), λ 3 = −λ
Where λ i is defined in (1), 1 ≤ i ≤ 4.
Let n = 4k, where gcd(k, 4) = 1. Note that f (x) = x 4 − x − 1 is an irreducible polynomial over F 3 .
By Lemma 2, f (x) remains irreducible over F 3 k . Let β be a root of x 4 − x − 1, then the order of β divides 3 4 − 1, thus β 80 = 1. Every x ∈ F 3 n can be represented uniquely as
where
Corollary 2 Let n = 4k and gcd(k, 4) = 1.
is a CPP over F 3 n for the following a's:
Where u and v cannot be zero at the same time.
Proof: Let a = u 0 + u 1 β + u 2 β 2 + u 3 β 3 . Then it can be verified that a satisfied the condition 2) in Then it is readily to verified that all the a's list in the corollary satisfy the conditions a) and b). This completes the proof. From Lemma 5, we need to prove that h a (x) (defined in (1)) is a PP over F p k if and only if a satisfies one of the three conditions. Recall that
It is known from Table 1 that, there are only five normalized PPs of degree 5 over
(v is not a fourth power),
. Then we discuss the permutation property of h a (x) as follows:
is of the form x 5 − vx (v is not a fourth power), then λ 1 = λ 2 = λ 3 = 0, and −λ 4
is not a fourth power. This is Condition 1) in Theorem 4.
Case II: If h a (x) is of the form x 5 − 2vx 3 + v 2 x (v is not a square), then one has that λ 1 = 0, λ 2 = 0.
2 in (10) we get 
Proof: It is readily to verify that if a 
r
In [22] , the authors gave some classes of CPP exponents of the form d = 2 rk −1 2 k −1 + 1 over F 2 rk by using Lemma 5 and Dickson polynomials of degree r + 1 over F 2 k , and also in [28] , the author mentioned that Dickson polynomials can be used to construct CPPs via Lemma 4. In this subsection, using Lemma 5
and Dickson polynomials of degree 7 over F p k , we give some CPP exponents of the form d =
where p = 3 or p = 5.
For a positive integer l and an element η ∈ F *
It is known that a Dickson polynomial is a PP over F p k if and only if gcd(l, p 2k − 1) = 1 [12] .
Let n = 6k, where gcd(k, 6) = 1. We know that f (x) = x 6 + x + 2 is an irreducible polynomial over F 3 . By Lemma 2, f (x) remains irreducible over F 3 k . Let β be a root of x 6 + x + 2. Then every x ∈ F 3 n can be represented uniquely as
Note that the Dickson polynomial of degree 7 over
The following corollary can be easily proved by using Lemma 5 to the Dickson polynomial D 7 (x, η) over F 3 k .
Corollary 4 Let n = 6k and gcd(k, 6) = 1.
Where u = 0.
Let n = 6k, where gcd(k, 6) = 1. Since f (x) = x 6 + x + 2 is an irreducible polynomial over F 5 , then
f (x) is also irreducible over F 5 k by Lemma 2. Let β be a root of x 6 + x + 2. Then every x ∈ F 5 n can be represented uniquely as
Similarly, using Lemma 5 to the Dickson polynomial D 7 (x, η) over F 5 k , we have the following corollary:
Corollary 5 Let n = 6k and gcd(k, 6) = 1.
is a CPP over F 5 n for the following a's:
At the end of this section, we give two conjectures about the CPP exponents of the form d =
Conjecture 1 Let r + 1 be a prime such that r + 1 = p. Let gcd(r, k) = 1, gcd(r + 1, p 2 − 1) = 1, and
are Dickson polynomials of degree r + 1 over
This has been proved for p = 2 with r = 4, 6, 10 (see [22] Proof: Since r + 1 is a prime and r + 1 = p, we have p r ≡ 1 (mod r + 1). Suppose that Conjecture 1 is true. We first show that gcd(r + 1, p 2k − 1) = 1. Assume that p 2k ≡ 1 (mod r + 1), together with p r ≡ 1 (mod r + 1) and gcd(k, r) = 1, one has p 2 ≡ 1 (mod r + 1), which is in contradiction with gcd(r + 1, p 2 − 1) = 1.
Since gcd(r + 1, p 2k − 1) = 1 and h a (y) is a Dickson polynomial of degree r + 1, then h a (y) is a PP over F p k , which implies x d + ax is a PP over F p rk by Lemma 5. Then the conclusion follows from
For r + 1 = p, we have the following conjecture:
Conjecture 2 Let p be an odd prime. Let r + 1 = p and d = p rk −1
This has been proved for p = 3 (see [28, Corollary 3.4] ) and p = 5 (see Corollary 3), and also has been confirmed by Magma for p = 7 with 1 ≤ k ≤ 7, p = 11 with 1 ≤ k ≤ 3, and p = 13 with 1 ≤ k ≤ 3. If one try to use Lemma 5 to tackle Conjecture 2, the key point is to prove that
is a PP over F p k for any k.
Remark 5 It can be proved that Conjecture 2 is true for k = 1. Moreover, we have the following theorem.
Theorem 5 Let p be an odd prime. Let r + 1 = p, gcd(rt + 1, p − 1) = 1, and
Proof: (Sketch). The key point is to show that
is a contradiction. Then we have a 2 = x 2t for any x ∈ F p , which means that (x 2t − a 2 ) p−1 2 = ±1 and
Then we have x 1 = ±x 2 , if x 1 = x 2 , we are done. If
2 , which means x 1 = x 2 = 0. This completes the proof.
Inspired by [2, 21] , in this section, we give a class of multinomial CPPs, which is a generalization of the main result in [21] .
Theorem 6 Let p be a prime. Let r, k be two integers with n = rk. Let g(x) be a polynomial over F p k such that xg(x) + vx is a PP over F p k for some v ∈ F * 
for all x ∈ F p n . Suppose there exists x, y ∈ F p n such that f (x) = f (y). Then from (12) k (x − y) = r(x − y) = 0, then it follows from gcd(r, p) = 1 that x = y. This shows that f (x) is a PP over F p n if a ∈ F p k \ {0}, which implies that f (x) is a CPP over F p n if a ∈ F p k \ {0, −1}. This completes the proof.
In the following, we give some explicit g(x) such that xg(x) + vx ∈ F p k [x] are PPs over F p k , then according to Theorem 6, we can obtain some classes of CPPs over F p rk .
The simplest choice is g(x) = 0. Fixing g(x) = 0, we have the following corollary.
